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Rendezvous Targeting and Navigation for a
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Two-spacecraft terminal-phase rendezvous targeting and navigation are examined for the circular restricted
three-body problem. A targeting law and navigation filter are developed assuming the traditional passive target-
active chaser vehicle relationship. The targeting law is demonstrated using a small-radius translunar halo orbit and
ideal navigation; the three-body terminal-phase rendezvous problem is then further characterized and contrasted
with the two-body problem. Nonlinear simulation results validate the navigation filter design and provide data to
assess the filter performance. To demonstrate the entire guidance and navigation system, two profiles for terminal-
phase rendezvous were considered in a planar circular orbit and two equivalent profiles in an % guided halo
orbit.

Introduction

FOR the past 25 years, halo orbits about three-body equilibrium
points have been investigated. The initial applications consid-

ered were follow-on lunar exploration opportunities1 and scientific
data collection.2 This second application was realized when, in 1978,
the International Sun-Earth Explorer-3 spacecraft was successfully
placed into a halo orbit around the interior equilibrium point of
the sun-Earth system.3 More recently, the Space Exploration Ini-
tiative included a halo orbit in its mission scenarios.4'5 Further, six
more halo orbit applications have been proposed for the 1990s.6
The research addresses an additional application by considering
two-spacecraft terminal-phase rendezvous in a translunar halo or-
bit. It employs the traditional passive target-active chaser vehicle
relationship in terminal-phase rendezvous. The target vehicle is in a
small-radius halo orbit; its guidance law is restricted to controlling
its own orbit. The chaser vehicle is in an independent small-radius
halo orbit and executes all rendezvous maneuvers.

Many investigators have examined the halo orbit guidance prob-
lem (e.g., see Farquhar7). This paper will use the 7^2 optimal guid-
ance presented in Jones and Bishop8 for the target vehicle. By con-
trast, rendezvous targeting in the three-body problem is a relatively
unexplored area. Successful two-spacecraft rendezvous were ac-
complished in the Gemini, Apollo, and Space Shuttle programs;
however, the underlining system in all three cases was two-body
motion. Relative navigation for rendezvous in the three-body prob-
lem is similarly unexplored. For the Earth-moon system, two sig-
nificant publications9'10 discuss the orbit determination of a single
spacecraft about an equilibrium point. Additional publications10'n
are found when considering other three-body systems.

This paper derives a terminal-phase rendezvous targeting law that
is valid for the circular restricted three-body problem. Further, it
will develop a rendezvous navigation filter capable of supplying
accurate state information to this targeting law. The ultimate goal
of this research is to characterize the three-body terminal-phase
rendezvous problem.
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Circular Restricted Problem of Three Bodies
The derivation of the nondimensional equations of motion for

the circular restricted three-body problem is well known (e.g., see
Szebehely13). The halo orbit guidance problem adds one additional
term in each equation, £/, corresponding to the control acceleration
on the spacecraft. Hence,
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and (;c, y, z) are the nondimensional position components of the
spacecraft in each axis of the rotating coordinate system and \JL is
the mass ratio of the two primary bodies. Writing Eqs. (1-3) in
functional matrix form yields

where
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where (-)nom denotes a nominal value. Neglecting the higher order
terms in a Taylor series expansion yields
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The nominal value for the translunar equilibrium point is

x = 1.155682, y = z = x = y = i = Q

which results in
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Rendezvous Targeting Law
Consider the terminal-phase rendezvous of two spacecraft about

the translunar equilibrium point. Assume the target vehicle is in
a small-radius halo orbit and is controlling its own orbit using an
unknown guidance law. The target vehicle orbits described by Jones
and Bishop8 can be approximated by an ellipse inclined to the y-z
plane. The equations of motion for this approximation are

and *tv =

which leads to the state equation

where
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and / is the halo orbit frequency. The subscripts tp and tv denote
the target vehicle's position and velocity, respectively.

Because the halo orbits being considered have a small radius, the
linearized equations of motion are valid for the chaser vehicle. Fur-
ther, during a rendezvous profile the chaser vehicle will terminate its
own halo orbit guidance. Hence, the chaser vehicle's state equation
becomes

C (18)

where AC is defined by Eq. (12) and the subscripts cp and cv denote
the chaser vehicle's position and velocity, respectively.

Defining the relative position and velocity as

aP-*t (19)

leads to an augmented state equation for the relative and target vehi-
cle states, which can be solved analytically in terms of a 4 x 4 block
state transition matrix. The state transition matrix * is a function of
exponentially increasing and decreasing terms as well as sinusoidal
terms at three different natural frequencies; <I> is further detailed in
the Appendix.

The necessary and sufficient conditions for rendezvous are that the
relative position and velocity at the time of rendezvous be a spec-
ified value. Consider a two-maneuver terminal-phase rendezvous
sequence where the first maneuver is executed at the beginning of
the rendezvous (ti) and designed so that the chaser vehicle will coast
to the specified relative position at the time of rendezvous (f2); the
second maneuver is then executed to satisfy the specified relative
velocity condition.

The terminal-phase initiation maneuver (TI) is defined as

AV-n = ncvCf) - ncv(ff) = 6v(t+) - 6v(ti) (20)

where the minus and plus superscripts denote immediately before
and immediately after a specified time, respectively. Given 3>, Eq.
(20) can be expressed in terms of the specified position at the end
of the rendezvous, the initial relative position and velocity, and the
chaser vehicle's initial position and velocity:

AVxi = 4>u[6p(t+) + (013 - 0n)M'P

+ (014 - 012> W) - 013"cp(rf) - 014ncv(ff)] (21)

Note that this targeting law requires only relative state informa-
tion, which can be provided by an onboard navigation filter using
a proximity sensor and chaser vehicle state information. Hence, no
target vehicle specific information is required. Additionally, Eq. (21)
contains a numerical singularity at specific transfer times. That is,
when

Af = /2 - fi = 1.786178
' k x 7.637724 days, k =

(22)
the 0i29 element becomes zero, causing the 012 submatrix to become
singular. The 0i29 element corresponds to the uncoupled z axis in
the linearized equations of motion. These singularities do not limit
this research because the transfer times considered here are much
shorter than any singularity time.

Lastly, the terminal-phase final maneuver (TF) is defined as

AVTF = (23)

Rendezvous Navigation Filter
The rendezvous navigation filter is formulated assuming the es-

timated states are the chaser vehicle's inertial state, unmodeled ac-
celerations on the chaser vehicle, and measurement biases. It is
assumed that either the target vehicle or its mission control center
will supply the chaser vehicle with target vehicle state information
at the time of each measurement. Muller and Kachmar14 showed the
equivalence of optimally estimating the relative state or optimally
estimating the inertial state of one spacecraft and subtracting it from
an externally supplied inertial state of the other spacecraft. This es-
timation is optimal in the sense that it yields the minimum relative
state error at the time of measurement incorporation, not necessarily
the minimum relative state error over the entire navigation period.
The navigation filter is implemented in the nonlinear simulation
such that the chaser vehicle's inertial state is always estimated and
the other estimation states are selectable.

The dynamical system for the chaser vehicle can be described by
a continuous nonlinear differential equation

Xc(t) =f\(Xc(t)) + a(f) (24)

where fi(Xc(t)) is given by Eq. (6) and a(t) represents unmodeled
accelerations. Assume the unmodeled accelerations have the form
of a first-order Gauss-Markov process,

a(t) = Aaa(t) + wa(t) (25)

where Aa is a diagonal dynamics matrix and wa (t) is white Gaussian
noise with zero mean and Qa fixed power spectrum. The discrete
nonlinear measurements are modeled as

A: = 1,2,. (26)

where h\(Xc(tk)) represents the measurement-state relationships.
The measurement bias b(tk) is also modeled as a first-order Gauss-
Markov process

where Afc is a diagonal dynamics matrix and wb(t) is white Gaussian
noise with zero mean and Qb fixed power spectrum. The measure-
ment noise vfe) is also white Gaussian noise with zero mean and
Rk covariance matrix.



JONES AND BISHOP: RENDEZVOUS TARGETING AND NAVIGATION 1111

Define an estimation state vector

Combining Eqs. (24), (25), and (27) yields

where

wT
b(t)]T

(28)

(29)

(30)

and is white Gaussian noise with zero mean and Q fixed power
spectrum.

Finally, Eq. (26) can be rewritten as

Equations (29) and (31) give the standard form of the dynamical
system for the continuous-discrete Kalman filter. The derivation of
the propagation and update equations for this filter is well known
(e.g., see Gelb15). The estimation state propagation equation is

(32)

where sensor measurements are available at tk and tk+\. Propagation
of the error covariance matrix is accomplished via

P(t) = P(t)FT(t) + F(t)P(t) + Q (33)

where

(34)
Z(r)=Z(»

The estimation state and error covariance matrix are updated ac-
cording to

Z(r+) = Z(f-) + K(tk)[y(tk) - h2(Z(t~))]

P(f+) = [/ - tf ftOtfftOVXOt7 - K(tk)H(tk)f
+ K(tk)RkKT(tk)

where the minus and plus superscripts denote immediately before
and immediately after measurement incorporation, respectively, and

(35)

(36)

K(tk) = P(tk)tf(tk)[H(tk)P(tj-)HT(tk)+Rk]

A Bh2(Z(tk))fi(tk) =

For this research, the set of measurements consists of

(37)

(38)

(39)

where R is the relative range between the chaser and target vehicles,
R is the relative range rate, and 0 and 9 are the roll and pitch angles of
the relative position vector in the chaser vehicle's body coordinates.
The detailed derivative of the measurement-state relationships is
contained in Jones.16

Simulation Results
A nonlinear simulation was developed to model the three-body

terminal-phase rendezvous problem. The simulation computes TI,
TF, and up to eight midcourse correction (MCC) maneuvers using
Eqs. (21) and (23). For analysis purposes, an option was imple-
mented that will place the target vehicle in a planar circular orbit
inclined to the y-z plane rather than in an actual H2 guided halo
orbit. A positive incline angle is defined as a positive rotation about
the y axis. This option eliminates the target vehicle trajectory ap-
proximation used in the development of Eq. (21). In addition, an
initial condition angle was defined to indicate the position on the
halo orbit of the TI maneuver; the initial-condition angle is mea-
sured from the bottom of the halo orbit in a clockwise direction. For
all profiles, clockwise orbits were used, the chaser vehicle initiated

the rendezvous profile approximately 19 km behind the target vehi-
cle, and the position and velocity offset at rendezvous was specified
to be zero.

To investigate the three-body rendezvous characteristics, ideal
navigation was initially assumed. The first characteristic investi-
gated was final position error at the time of rendezvous due to the TI
targeting law. Figure 1 shows constant error contours as a function of
transfer time and initial condition angle. The maximum final position
error occurs when TI occurs at the left or right sides of the halo orbit.
These points correspond to the points of maximum curvature of the
actual halo orbit resulting in the largest difference between the target
vehicle's orbit approximation and the actual halo orbit. Further, the
final position error was generally in the out-of-plane direction.

The second three-body rendezvous characteristic investigated
was the effect of transfer time and initial condition angle on the
geometry of the rendezvous profile. A planar circular orbit was used
to ensure final position errors were less than 1 m. The incline angle
was fixed at 22.85 deg, which corresponded to the incline angle of
the actual halo orbit used in this research. Figure 2 shows the min-
imum out-of-plane relative position (dashed lines) achieved by the
rendezvous profile as a function of the input parameters. Also shown
in Fig. 2 are lines of total propulsive cost of the rendezvous profile
(solid lines). Two characteristics were observed. First, for every ini-
tial condition angle there is a transfer time that produces a minimum
total propulsive cost of the rendezvous profile (e.g., 180 deg, 13 h).
Second, total propulsive costs increase with out-of-plane relative
motion.

The third three-body rendezvous characteristic investigated was
the effect of incline angle and initial condition angle on the geometry
of the rendezvous profile. As before, a planar circular orbit was
used to ensure final position errors were less than 1 m. The transfer
time was fixed at the baseline case value of 9 h. Figure 3 shows the
same general information as Fig. 2 except incline angle has replaced
transfer time. These results show that a minimum total propulsive
cost rendezvous profile is a function of incline angle as well as initial
condition angle and transfer time.

350.

2. 4. 6. 8. 10. 12. 14. 16. 18. 20.

Transfer Time (hr)

Fig. 1 TI targeting law error.

350.

2. 4. 6. 8. 10. 12. 14. 16. 18. 20.

Transfer Time (hr)

Fig. 2 Constant incline angle characteristics.



1112 JONES AND BISHOP: RENDEZVOUS TARGETING AND NAVIGATION
Table 1 Propulsion requirements summary

Error
vector

Circle 1
Reference
Average

Circle 2
Reference
Average

Halol
Reference
Average

Halo 2
Reference
Average

Rendezvous maneuver, m/s
TI

0.686
0.686

0.680
0.680

0.627
0.627

0.704
0.704

MCC1

0.000
0.041

0.000
0.041

0.019
0.041

0.008
0.042

MCC2

0.000
0.010

0.000
0.009

0.022
0.023

0.008
0.013

MCC3

0.000
0.010

0.000
0.008

0.027
0.032

0.009
0.012

MCC4

0.000
0.014

0.000
0.014

0.044
0.042

0.013
0.021

TF

0.491
0.493

0.643
0.634

0.684
0.677

0.672
0.663

Total

1.177
1.254

1.322
1.384

1.421
1.441

1.413
1.455

RCS
fuel, Ibs

5.776
6.153

6.487
6.791

6.972
7.071

6.933
7.139

10. 11 14. 16. 18. 20. 22. 24. 26. 28. 30.

Incline Angle (deg)

Fig. 3 Constant transfer time characteristics.

Finally, Fig. 4 summarizes the geometry of the "in-plane" ren-
dezvous profile. For a fixed incline angle and increasing initial con-
dition angle in the vicinity of the "in-plane" profile, the out-of-plane
component switches from away from the moon (positive x) to to-
ward the moon (negative x). This same characteristic is observed
for a fixed initial condition angle and decreasing incline angle in the
vicinity of the "in-plane" profile. Figure 4 also shows that the rel-
ative trajectory is three dimensional. A necessary condition for the
relative trajectory to be two dimensional is that the torsion and rate of
change of torsion be zero at the initiation of the rendezvous profile.
Figure 5 shows contours of zero torsion and zero rate of change of
torsion at TI; also shown is the minimum out-of-plane contour from
Fig. 3. For the relative trajectory to be two dimensional and lie in the
target vehicle's halo orbit plane, the three contours must intersect
at the same point. Hence, two dimensional relative trajectories do
not exist. However, the minimum out-of-plane contour from Fig. 3
represents a maximum out-of-plane distance on the order of 10 m.
Thus, these relative trajectories are essentially "in-plane" and are
referred to as such in this paper. Additional detail on the targeting
law characteristics can be found in Jones and Bishop.17

The rendezvous navigation filter was initialized with an error
vector added to the chaser vehicle to model the uncertainty in the
state just prior to the TI maneuver. Error vectors were generated
randomly using error statistics consistent with Gingiss9; each one
corresponded to a constant la error from the six-dimensional error
ellipsoid at the TI maneuver. Potter18 and Hitzl19 both describe the
technique used in choosing these vectors. Additionally, these vectors
were chosen to span all directions of the TI error ellipsoid.

Sensor measurements consisted of relative range and line-of-sight
angles and were taken every minute. Measurement statistics and sen-
sor capabilities were chosen similar to the Space Shuttle rendezvous
radar20 and were consistent with an advanced rendezvous tracking
system study.21 Random noise was added to each measurement,
but measurement biases and unmodeled accelerations were omit-
ted from the estimation vector. State estimation errors converged
quickly after only a few measurements were incorporated.

The optimal placement of a midcourse correction maneuver
within the rendezvous profile depends on the navigation errors at the
time of the maneuver and the sensitivity of the final position errors at

1C = 46.08 deg, Incline = 22.85 deg

Fig. 4 In-plane rendezvous profile.
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Fig. 5 Relative trajectory torsion and rate of change of torsion at
terminal-phase rendezvous initiation.

the time of rendezvous with respect to maneuver velocity errors. Fig-
ure 6a shows the time history of the magnitude of the principal axes
of the local vertical inertial rectangular (LVIR) covariance veloc-
ity error ellipsoid along the baseline "in-plane" rendezvous profile;
Fig. 6b gives the LVIR orientation of the largest principal axis of
the covariance velocity error ellipsoid. Note that, even though the
error ellipsoid loses its spherical shape, it shrinks at an essentially
uniform rate and the absolute magnitude of all of the principal axes
is small after only a few measurements have been incorporated into
the filter. In addition, the sensitivity of the final-position errors with
respect to maneuver velocity errors was computed. The maximum
singular value of the sensitivity matrix showed a linear relationship
along the baseline "in-plane" rendezvous profile. Thus, the place-
ment of a midcourse correction maneuver is not strongly influenced
by navigation errors or final position error sensitivities. Hence, the
midcourse correction maneuvers can be placed in the rendezvous
profile based on time.

To demonstrate the entire guidance and navigation system, two
profiles were considered for terminal-phase rendezvous in the pla-
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Table 2 Final miss distance summary

Final miss distance, m
Downtrack Out-of-plane Radial Total

Circle 1
Reference
Average magnitude

Circle 2
Reference
Average magnitude

Halol
Reference
Average magnitude

Halo 2
Reference
Average magnitude

0.000
4.919

0.000
8.086

-7.673
9.160

-4.834
5.898

-0.001
7.204

0.000
9.779

19.394
19.585

-3.191
10.222

0.000
6.983

-0.001
5.686

0.124
9.303

-0.885
5.036

0.001
12.666

0.001
15.362

20.857
25.924

5.859
14.109

0.000
45. 46. 47. 48. 49. 50. 51. 52. 53. 54.

Time (hrs)
a) Magnitude of convariance principle axes

200.

-200.
45. 46. 47. 48. 49. 50. 51. 52. 53. 54.

Time, (hrs)
b) Angle to largest principle axis

Fig. 6 Covariance velocity error ellipsoid.

nar circular orbit and two equivalent profiles in an 7^2 guided halo
orbit. The two profiles chosen correspond to "in-plane" (profile 1)
and "out-of-plane" (profile 2) relative trajectories for the planar cir-
cular orbit. These same initial conditions were used in an 7^ guided
halo orbit demonstration. Monte Carlo simulations were completed
and, for comparison purposes, a reference simulation was also done
assuming "ideal" navigation. Four evenly spaced midcourse correc-
tion maneuvers were added to the rendezvous profile to correct for
rendezvous targeting and rendezvous navigation filter state estima-
tion errors.

Table 1 summarizes the propulsion requirements for both the pla-
nar circular orbit and the 7i2 guided halo orbit. The initial spacecraft
weight was assumed to be the maximum allowed (13,000 Ib) un-
der the assumptions of the restricted three-body problem. Also, a
medium-performance reaction control system (RCS) jet (7sp = 270
s) was assumed. Table 2 shows the final miss distance for both
demonstrations. Rendezvous profile changes from "in-plane" to
"out-of-plane" resulted in increases in velocity requirements and

48. 50. 52.

a) Max pos error (m) vs time (hrs)

0.02

0.01 r

0.00 -

-0.01 -r-

-0.02
48. 50. 52. 54. 56. 58.

b) Max vel error (m/s) vs time (hrs)

Fig. 7 Maximum chaser vehicle state estimation error.

final miss distances. This same result was also seen for the addition
of state estimation errors. When considering the absolute magnitude
of these changes, the planar circular orbit displayed essentially the
same characteristics as the 7i2 guided halo orbit. Even though these
increases due to relative trajectory differences and rendezvous nav-
igation filter state estimation errors could be considered significant,
it should be noted that the absolute propulsion requirements and
final miss distance were small in each profile.

State estimation errors from the rendezvous navigation filter were
small in each profile. Figure 7 shows the maximum of the average
position and velocity state estimation errors of the four profiles (solid
line) and the associated la standard deviation of the state (dotted
line). The rendezvous navigation filter performance was not sub-
stantially affected by the geometry of the four relative trajectories.
Additional detail on the rendezvous navigation filter characteristics
can be found in Jones and Bishop.22

Conclusions
A two-spacecraft terminal-phase rendezvous targeting law has

been developed that is valid for the circular restricted three-body
problem. This targeting law was demonstrated using a small-radius
translunar halo orbit and ideal navigation. Several characteristics
of three-body rendezvous were observed. First, terminal-phase ren-
dezvous in the circular restricted three-body problem is three di-
mensional; out-of-plane relative motion with respect to the target
vehicle occurs. Second a design trade-off exists between targeting
law error, out-of-plane relative motion, and the total propulsive cost
of the rendezvous profile. Third, final out-of-plane errors generally
dominate both downtrack and radial errors. Lastly, a minimum total
propulsive cost rendezvous profile exists and is a function of transfer
time, incline angle, and initial condition angle. A rendezvous navi-
gation filter capable of supplying the rendezvous targeting law with
chaser vehicle state information was then developed. Estimation
errors converged quickly after only a few relative range and line-of-
sight angle measurements were incorporated. The placement of a
midcourse correction maneuver was not directly dependent on nav-
igation errors or final position error sensitivities. Four total cases,
two rendezvous profiles for the translunar planar circular orbit and
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two equivalent rendezvous profiles for the 'Hi guided translunar halo
orbit, were examined to demonstrate the entire guidance and navi-
gation system. In each case, total propulsion requirements were less
than 1.5 m/s and final miss distance was less than 26 m. State es-
timation errors were small and showed no substantial performance
degradation due to the rendezvous profile geometry. The translu-
nar planar circular orbit displayed the same characteristics as the
Jii guided translunar halo orbit, although the propulsion require-
ments and final miss distance were generally larger in the 7i2 guided
demonstration.

Appendix
The rendezvous targeting law given in Eq. (21) is dependent on

the 4 x 4 block state transition matrix computed from the augmented
state equation for the relative and target vehicle states. Each block
of interest in the state transition matrix has the form

01*1 01*2 0

0U4 0U5 0

0 0 01*9
A; =1,2, 3,4 (Al)

Further, the </>13 and <£14 blocks are related to the 0n and </>12
blocks by

0B = 0n - cos(/Af)/

014 = 012 - j sin(/Af)/

Solving for the specific elements of interest yields

01U = cie

0ii2 = -c

tA' -c2cos(a>iAf)
A' + c4 sin(o>i Af)

0119 =

0121 =

0122 =

0124 = —0122

0125 = -|

0129 =

TA' + c8 cos(<wi Af)

— c9e rA' + CIQ sin(o>i Af)

-h cne~r^ - ci2cos(cyi Af)

' + cM sin(a>! Af)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(All)

(A12)

(A13)

where
T = 2.158677,

c\ = 0.667355,
c4 = 0.289317,
c-j = 0.078667,

do = 0.084468,
cis = 0.077527,

0)1 = 1.862647,
c2 = 0.334710,
c5 = 0.420595,
c8 = 0.842666,

en =0.123011,
c14 = 0.716566,

co2 = 1.786178
c3 = 0.124821
c6 = 0.974880
c9 = 0.195181

c12 = 0.246022
ci5 = 0.559855

and Af is the rendezvous profile transfer time with / denoting the
halo orbit frequency.
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